Abstract. Let p be a prime number, G be a finite p-group and K be a field of characteristic p. The Modular Isomorphism Problem (MIP) asks whether the group algebra KG determines the group G. Dealing with MIP, we investigated a question whether the nilpotency class of a finite p-group is determined by its modular group algebra over the field of p elements. We give a positive answer to this question provided one of the following conditions holds: (i) exp G = p; (ii) cl(G) = 2; (iii) G ′ is cyclic; (iv) G is a group of maximal class and contains an abelian subgroup of index p.
Introduction
Though the Modular Isomorphism Problem is known for more than 50 years, up to now it remains open. It was solved only for some classes of p-groups, in particular:
• abelian p-groups (Deskins [10] ; alternate proof by Coleman [9] ); • p-groups of class 2 with elementary abelian commutator subgroup (Sandling, theorem 6.25 in [22] ); • metacyclic p-groups (for p > 3 by Bagiński [1] ; completed by Sandling [24] ); • 2-groups of maximal class (Carlson [8] ; alternate proof by Bagiński [3] );
• p-groups of maximal class, p = 2, when |G| ≤ p p+1 and G contains an abelian maximal subgroup (Caranti and Bagiński [2] ); • elementary abelian-by-cyclic groups (Bagiński [4] );
• p-groups with the center of index p 2 (Drensky [11] ),
where the results for abelian case, 2-groups of maximal class and p-groups with the center of index p 2 are valid for arbitrary fields of characteristic p. Also it was solved for a number of groups of small orders and a field of p elements, in particular:
Besides this, a lot of MIP invariants (i.e. group properties which are determined by the group algebra) are known, and they are very useful for researches in MIP. In the Theorem 1 we summarize some of them for further usage. Theorem 1. Let G be a finite p-group, and let F be a field of characteristic p. Then the following properties of G are determined by the group algebra F G:
(i) the exponent of the group G ( [12] ; see also [24] );
(ii) the isomorphism type of the center of the group G ( [25, 28] ); (iii) the isomorphism type of the factorgroup G/G ′ ( [28] ; see also [18, 22] 
p , where i is the smallest integer such that ip > n, as well as the isomorphism type of their factors [17, 19] ).
It could be useful for further researches in MIP to extend the above list of invariants determined by the modular group algebra by adding to it at least the nilpotency class of a group. We are able to it in several cases, listed below.
Theorem 2. Let G be a p-group and let F be a field of characteristic p. Then cl(G) is determined by the group algebra F G provided one of the following conditions holds: 
Our notations are standard. ∆ = ∆ K (G) denotes the augmentation ideal of the modular group algebra KG. C 2 m denotes the cyclic group of order 2 m . We will also use the following notations for 2-groups of order 2 m and exponent p m−1 : -the dihedral group D m = a, b|a
-the generalized quaternion group Q m = a, b|a
Determination of the nilpotency class of a p-group
In this section we give the proof of the Theorem 2.
where i is the smallest integer such that ip > n. It is clear that if exp G = p, then for all positive integers i we have M i (G) = γ i (G). Hence, by Theorem 3(i) of [17] we have
This means that cl(G) = cl(H).
(ii) It is well known that if x is a non-central element of G and C x is the conjugacy class of
Hence the ideal of F G generated by all central elements of ∆(G) and the subspace [F G, F G] is equal to ∆(Z(G)G ′ )F G. In particular, the order |Z(G)G ′ | is determined by F G. But the orders |Z(G)| and
To prove the theorem, we will use induction on the nilpotency class of G. For G abelian the statement is obviously true. Let cl(G) = c > 1 and assume that the theorem is proved for all groups with the nilpotency class less than c. Since
and
. Repeating the same conclusions for F H, we For p > 2 one can give another proof of (ii). Namely, it can be noted that in this case the ideal generated by all central elements from the ideal ∆(G ′ )F G is equal to ∆(G ′ )F G if and only if cl(G) = 2. The example of 2-groups of maximal class shows that it is not the case, when p = 2.
It is worth to note that the nilpotency class of the group of units of F G does not depend on the nilpotency class of G. As it was shown in Theorem B of [27] , if G ′ is cyclic, then the nilpotency class of U (F G) is equal to |G ′ |.
Presentations of finite 2-groups with a cyclic subgroup of index 4
Finite nonabelian p-groups of order p m and exponent p m−2 are classified in [16] . For the case p = 2, they are given by the following presentations: 
In the next table we listed some properties of these groups that are important for the proof of the Theorem 3.
4. The Modular Isomorphism Problem for finite 2-groups containing a cyclic subgroup of index 4
In this section we give the proof of the Theorem 3 for the case when p = 2. It appears that some of 2-groups of order 2 m and exponent 2 m−2 are either metacyclic groups or 2-groups of almost maximal class, for which the modular isomorphism problem is already solved [5, 24] . Thus, it suffices to show that modular group algebras of remaining 2-groups containing a cyclic subgroup of index 4 are nonisomorphic pairwise.
Proof. We may assume that m ≥ 6, since for m < 6 the modular isomorphism problem is already solved (see the review of known results in the section 1). Note that for m = 6, 7 it was also solved using computer (see [7, 29, 30] ).
Let H be a finite 2-group of order 2 m and exponent 2 m−2 , and KG ∼ = KH. Since the exponent of the group is determined by its group algebra [24] , it follows that H is also a 2-group of order 2 m and exponent 2 m−2 . Thus, the family of finite 2-groups of order 2 m and exponent 2 m−2 is determined, and to complete the proof it remains to show that group algebras of such groups are non-isomorphic pairwise.
First we note that G n is metacyclic for n ∈ {1, 6, 7, 8, 9, 19, 20, 21}. Then these groups are determined by their modular group algebras by [24] .
Among the remaining non-metacyclic groups G n is a 2-group of almost maximal class for n ∈ {2, 3, 11, 12, 13, 14, 15, 16, 18, 23, 24, 25}. As it was shown in [5] , these groups have different sets of invariants, determined by their modular group algebras, so their modular group algebras are non-isomorphic pairwise.
Thus, it remains to deal with G n for n ∈ {4, 5, 10, 17, 22}. Indeed, any of these groups can not be isomorphic to any of the 2-groups of almost maximal class for n ∈ {2, 3, 11, 12, 13, 14, 15, 16, 18, 23, 24, 25}. The derived subgroups of G 17 is 2-generated which splits it apart from the mentioned twelve 2-groups of almost maximal class as well as from groups G 4 , G 5 , G 10 , G 22 . The latter ones have the cyclic commutator subgroup, so their nilpotency class (which is equal to 2 or 3) is determined by the Theorem 2 (iii), and this splits them from the groups of almost maximal class as well.
Now since the isomorphism type of the center Z(G) is determined by [25] , we may split the groups G 4 and G 10 .
Groups G 5 and G 22 have isomorphic centers, but they have cyclic commutator subgroups. Thus, again we may apply Theorem 2 (iii) and split them since cl(G 5 ) = 2 while cl(G 22 ) = 3, and this completes the proof for the case p = 2.
5. The Modular Isomorphism Problem for finite p-groups, p > 2, containing a cyclic subgroup of index p
